ABSTRACT -We give an effective characterization theorem for integral monic irreducible polynomials f of degree n whose Galois groups over Q are Frobenius groups with kernel of order n and complement of prime order.
Introduction
Recently, there has been some interest in the problem of giving effective characterizations of polynomials of given degree whose Galois groups over Q are Frobenius groups of some particular kind. Recall that a Frobenius group can always be described as a semi-direct product N x H and that N and H are respectively called the (Frobenius) kernel and (Frobenius) complement of the group; moreover, the action by conjugation of H over N has to be fixed-point-free, ~H) has to divide IN 1-1 and the group can always be represented as a transitive permutation group on ~N~ elements, so that it is of degree Bruen, Jensen and Yui [BJY] proved a characterization theorem for polynomials of prime degree p whose Galois groups are Frobenius groups of degree p (in this case, the Frobenius complements necessarily are cyclic of order dividing p -1). They posed the problem of finding analogous characterizations for polynomials whose Galois groups are Frobenius of prime power degree or Frobenius in general.
In this paper, we give a characterization theorem for polynomials of arbitrary degree n whose Galois groups are Frobenius groups of degree n and with complements of prime order p, where p is forced to divide n -1.
It is worth noticing that in the present case the kernels are as general as it is permitted by the properties of a Frobenius group, that is, they have just to be nilpotent; while the complements are restricted to be cyclic of prime degree. The method we use is derived from one by Williamson [Will] , who characterized odd degree polynomials whose Galois groups are generalized dihedral groups. Indeed, these groups are Frobenius with complements of order 2 and abelian kernels; the fundamental observation is that his method does not require the kernel to be abelian, but just the group to be Frobenius. Moreover, we make the characterization completely effective, we discuss the practical problems arising and we justify theoretically its effectiveness referring to "the least prime" in Chebotarev density theorem.
In Then the subset is a normal subgroup (of order n), such that G = NH and N n H = {1}.
Proof. See, e.g., [Rob] . Proof. See, e.g., [Rob] . a) See, e.g., [Jac, . b) See [Frob] . c) See, e.g., [Lang, . d) See [LMO] and [Oes] . [vdW, pp. 190-191] and that the respective decomposition fields are precisely the extensions of Q by the roots of f , i.e. L GQi = Q(ai) (i = 1, ... , n). This implies Q(a) # Q(a') and so a:' ft Q(a). Hence, the minimal polynomial of a' over Q(a) has degree equal to p. Thus, we have proved the following fact.
PROPOSITION III.1.1. Let f be as above and let a be a root of f. Then f over Q(a) is of type 1 -and, for any rational integer s such that R(s, f ) is square-free, R(s, f ) over Q is of type Since f is irreducible and normal over K, from the last remark in the previous subsection, we have also the following result, involving the factorization of R(s, f ) over K. PROPOSITION III.1.2. Let f be as above. Then, for any rational integer s such that R(s, f ) is square-free, R(s, f) over K is of type Since we are just interested in the factorization type of R(s, f ) over K and not in the actual irreducible factors, we can apply again the method described in the previous subsection, getting the following.
PROPOSITION III.1.3. Let f as above and g E Z[X] be a monic irreducible polynomial such that K = Q(Q), where Q is a root of g. Then, for any rational integer t such that N(t, f, g) is square-free, N(t, f, g) is irreducible over Q . If s is a rational integer such that R = R(s, f) is square-free, then, for any rational integer t such that N(t, R, g) is square-free, N(t, R, g) over Q is of type (np)n-1. 
